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Abstract: We describe the procedure of dimensional reduction of massless fields in
(D + 1) dimensional Minkowski space to massive ones in D dimensions in the first-
quantized setting. The procedure is compatible with Lagrangian and in a straight-
forward way determines the inner product for massive fields. Howe duality and the
extensive usage of BRST formalism allows to keep the description concise. We consider
both bosonic and fermionic mixed-symmetry fields.
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1 Introduction
The goal of this paper is to give a systematic description of the procedure of dimensional
reduction from RD,1 to RD−1,1 for both bosonic and fermionic mixed symmetry fields
[1, 2]. See [3] for a review.
A massive field propagating in flat space is associated with a massive representa-
tion of the Poincare algebra [4, 5] (for review, see [6]). A Lagrangian formulation for
symmetric massive spin fields was first obtained by Singh and Hagen [7, 8]. Studying
the corresponding massless limit Fronsdal obtained covariant Lagrangians for massless
fields of any integer spin in 4 dimensions [9].
As for massless mixed symmetry fields, although the existence of corresponding
irreducible representations in d > 5 was known since Wigner [4], the covariant and
gauge invariant field equations realizing such representations on local fields have been
proposed much later [10, 11]. The rigorous proof that such fields indeed describe
respective representations of the Wigner little group for general spins was given in [12]
(see also [13]).
Making use of the BRST formalism allows one to find a theory that admits a
standard Lagrangian of the form 〈Φ,ΩΦ〉. This has the same structure as the analogous
Lagrangian for Fronsdal higher spin fields proposed in [14–16]. The BRST operator
Ω entering the action can be identified with an appropriate truncation of the open
bosonic string BRST operator in the tensionless limit [17, 18]. See [13] for the proof
that this Lagrangian indeed describes an irreducible mixed-symmetry field provided
the appropriate set of algebraic constraints are imposed on Φ. Lagrangian formulation
of this type for fermionic fields was proposed more recently1 [17, 20–22]. For the
1Lagrangians for higher spin fermionic fields were first constructed in [19].
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previous results on free higher spin massless fields propagating in Minkowski and (A)dS
backgrounds within various formulations, see e.g. [21, 23–26, 26–46].
As for massive fields, each corresponding representation in D > 4 dimensions may
be obtained as the KaluzaKlein mode in a dimensional reduction from D + 1 down
to D dimensions [6]. There is no loss of generality because the massive little algebra
so(D − 1) in D dimension is identified with the massless (D + 1)-dimensional little
algebra. Such a KaluzaKlein-like mechanism leads to a Stuckelberg formulation of a
massive field.
In this paper we describe the procedure of dimensional reduction of massless fields
in (D + 1) dimensional Minkowski space to massive ones in D dimensions in the first-
quantized setting2. Howe duality and the extensive usage of BRST formalism allows to
keep the description concise. We consider both bosons and fermions3. We calculate the
eigenvalues of quartic Casimir operators. The inner product for massless bosonic case is
known since [14]. Its natural generalization to fermionic case was found recently in [22].
The dimensional reduction is compatible with Lagrangian and in a straightforward way
determines the inner product for massive fields. See e.g. [25, 41, 47, 51–57] for earlier
investigations of massive higher spin fields formulations on different backgrounds.
The paper is structured as follows. There are two main parts devoted to bosonic
and fermionic fields. The exposition follow similar lines.
In Section 2.1 we describe o(d− 1, 1)− sp(2n) bimodule (which is also a Poincare´
one) on the functions of auxiliary (anti)commuting variables, which serves as a repre-
sentation space of the constrained system described later. In Section 2.2 we formulate
the constraint system describing massless fields. We describe the triplet and metric-like
formulations which are used to get Lagrangian formulations. For bosonic fields there
is a natural inner product for the triplet formulation, but for fermionic fields a natural
inner product is for the metric-like formulation. In Section 2.3 we perform the dimen-
sional reduction, giving the Lagrangian gauge invariant equations of mixed-symmetry
type.
In appendices A and B are given explicitly commutation relations and expressions
for Casimir operators of symplectic (super)algebras. Appendix C contain details of
dimensional reduction.
2 Bosonic fields
We perform the first-quantized description of massless bosonic fields of mixed symmetry.
Then we employ the BRST description and perform homological reduction to obtain
2Analogous procedure in the anti-de Sitter space was discussed in [47] (see also [48]).
3The BRST description of bosonic massive fields in similar setting was made in [49, 50].
– 2 –
other formulations. One of the formulations allows natural Lagrangian description.
Then we perform the dimensional reduction to obtain the description of massive fields
which replicates almost all constructions of the massless case.
We consider the mostly plus signature of the metric tensor in Minkowski space:
η = (−+ . . .+).
2.1 Algebraic preliminaries
2.1.1 Tensor fields
Let us introduce a convenient notation which allows to pack tensor indices.
Let us introduce Grassmann even variables aaI and a¯
J
b , where a, b = 0, ..., d − 1,
I, J = 0, ..., n satisfying the canonical commutation relations
[a¯Ia, a
b
J ] = δ
I
J δ
b
a . (2.1)
In the following we will raise and lower lowercase indices with the Minkowski tensor
ηab = (−+ . . .+), e.g. aIa ≡ ηababI .
Let us denote the space of polynomials in aaI as Pdn(aI). The component decompo-
sition of a general element φ(a) ∈ Pdn(a) have the form
φ(a) =
M0∑
m0=0
. . .
Mn∑
mn=0
φa1 ... am0 ; ...... ; b1 ... bmna
a1
0 . . . a
am0
0 . . . a
b1
n . . . a
bmn
n , (2.2)
where M0, . . .Mn ∈ N.
The associative algebra generated by aaI , a¯
J
b can be represented on Pdn(aI) in a
natural way if one defines the action of the generators according to
aaIφ(a) := a
a
Iφ(a) , a¯
I
aφ(a) :=
∂
∂aaI
φ(a) . (2.3)
2.1.2 Lorentz algebra and symplectic algebra
The Lorentz algebra so(d − 1, 1) can be embedded as a Lie subalgebra into the above
associative algebra by postulating its basis elements to be
Mab = aIaa¯
I
b − aI ba¯Ia . (2.4)
This also defines the representation of so(d− 1, 1) on Pdn(aI) via (2.3).
Simultaneously, the symplectic algebra sp(2n + 2) can also be embedded into the
associative algebra, and, hence, is also represented on Pdn(aI). The basis elements are
given by
TIJ = a
a
IaJa , TI
J =
1
2
(
aaI a¯
J
a + a¯
J
aa
a
I
)
, T IJ = a¯Iaa¯
Ja , (2.5)
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with the commutation relations given in Appendix A. The two algebras mutually com-
mute forming a reductive dual pair [58, 59]. So the space Pdn(aI) is now so(d− 1, 1)−
sp(2n+ 2) bimodule.
2.1.3 Poincare´ algebra
The Poincare´ algebra iso(d−1, 1) can be realized on the same set of auxiliary variables.
To this end, we split the original variables as aa0 ≡ xa, aaI ≡ aai , I > 0 with i = 1, ..., n.
Then, translations and Lorentz rotations are given by
Pa = ∂a , Mab = xa∂b − xb∂a + aiaa¯ib − aiba¯ia , (2.6)
and naturally act in the space Pdn(x, a) of smooth functions in xa with values in Pdn(ai).
We also introduce special notation for some of sp(2n+ 2) basis elements
 ≡ T 00 = ∂a∂a , Di ≡ T 0i = a¯ai ∂a , D†i ≡ Ti0 = aai ∂a ,
Ni
j ≡ Tij = aai a¯ja i 6= j , Ni ≡ Tii −
d
2
= aai a¯ia .
(2.7)
2.2 Massless fields
It is well-known that massless bosonic fields of arbitrary symmetry type can be concisely
described in the first-quantized way as a set of tensor fields φ ∈ Pdn(x, a) subjected to
constraints which come from Howe duality between symplectic and orthogonal algebras.
Differential constraints are the Klein-Gordon equation and divergence-free condi-
tion
φ = 0 , Diφ = 0 . (2.8)
Algebraic constraints impose that fields are traceless tensor fields of given ranks
which satisfy Young symmetry conditions:
T ijφ = 0 , Niφ = siφ , Ni
jφ = 0 (i < j) . (2.9)
Gauge invariance. We impose the last constraint in a dual way via the gauge trans-
formations which read
δφ = D†iχ
i , i = 1, . . . , n , (2.10)
where the gauge parameters χi satisfy the same constraints as the fields φ except for
spin weight and Young symmetry constraints which are replaced by
Niχ
j = (si − δji )χj , Nijχk = −δki χj (i < j) . (2.11)
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2.2.1 Simplest BRST formulation
Let us introduce the Grassmann odd variables bi of ghost number gh(bi) = −1. The
gauge symetries can be realised via the BRST operator
Q = D†i
∂
∂bi
. (2.12)
It acts on a subspace of Pdn(x, a) ⊗ R[bi] 3 Φ(x, a | b), where R[bi] is the Grassmann
algebra generated by b1, . . . , bn, where functions Φ are subjected to BRST invariant
extension of constraints (2.8), (2.9) which remain the same except for the Young sym-
metry and spin conditions which receive ghost extensions. Namely
NiΦ = siΨ , NijΦ = 0 (i < j) , (2.13)
where
Nij = Nij + bi ∂
∂bj
, Ni = Ni + bi ∂
∂bi
. (2.14)
This formulation provides an explicit description of gauge for gauge transforma-
tions as seen from the following. The space of field configurations becomes Z-graded.
Arbitrary vector Φ decomposes as
Φ =
n∑
k=0
Φ(−k) , gh(Φ(−k)) = −k . (2.15)
Here and what follows we denote by superscript in parenthesis the definite ghost degree
component of a field. We interpret zero ghost degree components as physical fields,
and negative components as gauge (for gauge) parameters. So the equations of motion
are
QΦ(0) = 0 (2.16)
and the gauge transformations are
δΦ(0) = QΦ(−1) . (2.17)
2.2.2 Triplet formulation
It is useful to impose all differential constraints by means of BRST operator, while
all algebraic constraints we impose on the representation space. This is known as the
triplet formulation [13, 14, 17, 20].
Let us introduce new anticommuting ghost variables c0, ci, i = 1, ..., n with ghost
numbers gh(c0) = gh(ci) = 1.
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Consider the BRST operator
Ω = c0+ ciDi +D†i
∂
∂bi
− ci ∂
∂bi
∂
∂c0
, (2.18)
which acts on a subspace of Pdn(x, a)⊗ R[bi, c0, ci] 3 Ψ(x, a | bi, c0, ci) such that
N˜iΨ = siΨ , N˜i
jΨ = 0 (i < j) , T˜ ijΨ = 0 , (2.19)
where
N˜i
j = Ni
j + bi
∂
∂bj
+ ci
∂
∂cj
, N˜i = N˜i
i , T˜ ij = T ij +
∂
∂ci
∂
∂bj
+
∂
∂cj
∂
∂bi
(2.20)
are BRST invariant extensions of algebraic constraints (2.9).
So the equations of motion have the form
ΩΨ(0) = 0 . (2.21)
By construction it is invariant with respect to gauge transformations
δΨ(0) = ΩΨ(−1) . (2.22)
2.2.3 Lagrangian formulation
Another useful property of the description by means of the BRST operator (2.18) is
that the space it acts on admits a natural nondegenerate inner product.
The BRST operator (2.18) is formally self-adjoint with respect to the nondegenerate
inner product
〈ψ, ϕ〉 =
∫
ddx
∫
dc0〈ψ, ϕ〉′ , (2.23)
where 〈∗, ∗〉′ is the inner product on the Fock module generated by aai , ci, bi from the
”vacuum vector” |0〉. Conjugation rules are
(aai )
† =
∂
∂aai
, (ci)
† = − ∂
∂bi
, (bi)
† = − ∂
∂ci
(2.24)
and (anti)commutation identities completely determine the inner product. The formal
symmetry of the BRST operator (2.18) with respect to it is straightforward.
So the equations of motion ΩΦ(0) = 0 follow from the action
S =
1
2
〈Φ(0),ΩΦ(0)〉 . (2.25)
This action is invariant under the gauge transformations δΦ(0) = ΩΦ(−1). If one takes
into account the off-shell algebraic constraints (2.19) it is equivalent to the Fang-
Fronsdal-Labastida action.
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2.2.4 Homological reduction
One of features of BRST formulation is the ability to obtain other dynamically equiv-
alent formulations by means of homological algebra. In particular, we will use it to
derive a Lagrangian formulation for fermionic fields. Here we employ the method of
homological reduction [60].
In short, homological reduction method is as follows. Let (H,Ω) be the BRST
complex with linear BRST operator Ω acting on the space H, which is a Z-graded space
according to the ghost number. And let H be split into three subspaces: H = E⊕F⊕G
in such a way that a linear operator
GF
Ω : F → G : f 7→ prGΩf for f ∈ F , is invertible.
It turns out that fields associated with F and G are generalized auxiliary fields that
can be eliminated resulting in dynamically equivalent formulation (E , Ω˜) of the same
theory. Explicit form of the reduced BRST operator is
Ω˜ =
EE
Ω −
EF
Ω (
GF
Ω )−1
GE
Ω , (2.26)
where
EE
Ω and
GE
Ω defined in the same way as
GF
Ω above.
It is convenient to define that decomposition of H by a certain piece of Ω. Namely,
suppose that H admits an additional Z-grading
H =
∞⊕
i=−N
Hi N ∈ N, (2.27)
such that Ω decomposes into homogeneous components as follows
Ω = Ω−1 + Ω0 + Ω1 + . . . . (2.28)
Then the lowest degree part Ω−1 is nilpotent and defines the triple decomposition
E ⊕ G = KerΩ−1, G = ImΩ−1, E ∼= KerΩ−1/ ImΩ−1 ≡ H(Ω−1). (2.29)
Subspaces E ⊕ G ⊂ H and G ⊂ H defined canonically, there is an ambiguity of embed-
ding of E and F into H.
If one is interested in local gauge field theories (which is usually the case) one
requires that generalized auxiliary fields can be eliminated algebraically. In case at
hand that means that Ω−1 does not involve space-time derivatives.
2.2.5 Metric-like formulation
Let us take as additional degree the homogeneity in c0. The BRST operator (2.18)
decomposes as
Ω−1 = −ci ∂
∂bi
∂
∂c0
, Ω0 = ciD
i +D†i
∂
∂bi
, Ω1 = c0 . (2.30)
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Performing the homological reduction technique we can reduce the description to
the subspace E = H(Ω−1). See [13] for useful details. Let us perform some component
analysis.
Let us decompose ghost degree 0 and −1 components as
Ψ(0) = ϕ+ . . . , Ψ(−1) = biεi + . . . , (2.31)
where ellipses denote ghost free components. From (2.19) it follows that ϕ and εi satisfy
modified trace conditions
T (ijT kl)ϕ = 0 , T (ijεk) = 0 (2.32)
and Young symmetry and spin weight conditions
Ni
jϕ = 0 (i < j) , Niϕ = siϕ , (2.33)
Ni
jεk + δki ε
j = 0 (i < j) , Niε
j = (si − δji )εj . (2.34)
From (2.21) it follows that(
−D†iDi +
1
2
D†iD
†
jT
ij
)
ϕ = 0 , (2.35)
which is invariant with respect to the gauge transformations
δϕ = D†i ε
i . (2.36)
This reproduces the Labastida formulation [11].
2.3 Massive fields
The trick to describe a massive field in d-dimensional space is to start with the system
describing a massless field in (d + 1) dimensions, to fix some spacelike direction V A,
A = 0, . . . , d, and to impose an additional constraint(
V A
∂
∂XA
−m
)
φ = 0 . (2.37)
It commutes with all the constraints above so this addition is consistent.
It’s convenient to choose V A = δAd . The constraint (2.37) above becomes(
∂
∂xd
−m
)
φ = 0 . (2.38)
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Technically we are going to repeat the previous subsection 2.2 with the additional
constraint (2.38). The only subtlety is that we reduce the Poincare´ algebra iso(d, 1)
to its subalgebra iso(d − 1, 1). To make this explicit we denote oscillators ”along the
distinguished direction” as adi ≡ zi and replace ∂d with m. Note that such replacement
makes the (D + 1)-dimensional BRST operator formally not self-adjoint. But this is
fixed by changing the conjugation rule for zi.
So effectively we have a d-dimensional system of field configurations subjected to
the following differential and algebraic constraints(
+m2
)
φ = 0 ,
(
Di +m
∂
∂zi
)
φ = 0 , (2.39)
(
T ij +
∂
∂zi
∂
∂zj
)
φ = 0 , (Ni + Zi)φ = siφ ,
(
Ni
j + zi
∂
∂zj
)
φ = 0 (i < j) , (2.40)
(here Zi ≡ zi ∂∂zi ) along with the gauge equivalence
δφ =
(
D†i +mzi
)
χi , i = 1, . . . , n , (2.41)
where the gauge parameters χi satisfy the same constraints as the fields φ except for
the spin weight and Young symmetry constraints which are replaced by
(Ni + Zi)χ
j = (si − δji )χj ,
(
Ni
j + zi
∂
∂zj
)
χk = −δki χj (i < j) . (2.42)
2.3.1 Evaluation of Casimir operators
Using explicit expressions (B.3) and (B.4) for the quadratic and quartic Casimir oper-
ators in terms of the sp(2n) basis elements and taking into account constraints (2.39),
(2.40) a direct calculation yields
C2φ = −m2φ , (2.43)
C4φ = −m2
∑
i
si(si+d−1−2i)φ+(D†i +mzi)
(
m(d+ 2s1 − 4)αi − βi + 2mγi
)
, (2.44)
where
αi=
∂
∂zi
φ , βi=(D†j+mzj)
∂
∂zj
αi, γi=
∑
j>i
(Nj
i+zj
∂
∂zi
)αj−(s1−si+i−1)αi. (2.45)
It is straightforward to check that αi (as well as βi and γi) satisfy (2.42) and all other
constraints on gauge parameters provided φ satisfies (2.39), (2.40) (this is obvious for
αi; use the sp(2n) algebra relations to check the others). It follows that the last term in
– 9 –
(2.44) is pure gauge. So the quartic Casimir operator acts diagonally on the quotient
space. As it should be, because C4 commutes with all the constraints (due to Howe
duality), so it leaves the subspace of pure gauge fields invariant. Therefore its action is
well defined on the quotient space, which is the space of irreducible representation of
the iso(d− 1, 1) algebra.
Thereby we calculated the eigenvalue of C4 understood as acting on the space of
equivalence classes φ of field configurations modulo gauge transformations4:
C4φ = −m2
n∑
i=1
si(si + d− 1− 2i)φ . (2.46)
See also section 2.3.5 for a more technically transparent but indirect argument.
2.3.2 Triplet formulation
The BRST operator associated to the constrained system (2.39), (2.40), (2.42) is
Ωm = c0
(
+m2
)
+ ci
(
Di +m
∂
∂zi
)
+
(
D†i +mzi
) ∂
∂bi
− ci ∂
∂bi
∂
∂c0
. (2.47)
Which is a massive counterpart of (2.18).
It acts on a subspace of Pdn(x, a)⊗R[bi, c0, ci] 3 Ψ(x, a | bi, c0, ci) singled out by the
BRST invariant extensions of algebraic constraints (2.40)
N˜iΨ = siΨ , N˜i
jΨ = 0 (i < j) , T˜ ijΨ = 0 , (2.48)
where
N˜i
j = Ni
j + zi
∂
∂zj
+ bi
∂
∂bj
+ ci
∂
∂cj
, N˜i = N˜i
i ,
T˜ ij = T ij +
∂
∂zi
∂
∂zj
+
∂
∂ci
∂
∂bj
+
∂
∂cj
∂
∂bi
.
(2.49)
2.3.3 Lagrangian formulation
We follow similar lines as in 2.2.3. We consider zi and
∂
∂zi
as another canonically con-
jugated pair of creation and annihilation operators in the Fock space. The conjugation
rule
(zi)
† = − ∂
∂zi
(2.50)
determines the inner product 〈∗, ∗〉′ on the Fock space.
4 Analogous technique of evaluation of eigenvalues of Casimir operators was performed in [47, 61,
62].
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The inner product on the whole space is taken to be
〈ψ, ϕ〉 =
∫
ddx
∫
dc0〈ψ, ϕ〉′ . (2.51)
It’s straightforward to see that the BRST operator (2.47) is formally symmetric with
respect to the inner product (2.51).
So the equations of motion ΩmΦ
(0) = 0 follows from the action
S =
1
2
〈Φ(0),ΩmΦ(0)〉 , (2.52)
which is invariant under gauge transformations δΦ(0) = ΩmΦ
(−1).
2.3.4 Gauge fixing
We can explicitly show that all gauge fields are Stueckelberg ones at the level of BRST
formulation.
Let us introduce an additional grading
deg zi = 1 , deg a
a
i = deg bi = deg ci = 2 . (2.53)
The BRST operator (2.47) decomposes as Ωm = Ω−1 + Ω0 + Ω1 with
Ω−1 = mzi
∂
∂bi
, Ω0 = c0
(
+m2
)
+ciD
i+D†i
∂
∂bi
−ci ∂
∂bi
∂
∂c0
, Ω1 = mci
∂
∂zi
. (2.54)
The reduced BRST operator is
Ω˜m = c0
(
+m2
)
+ ciD
i (2.55)
acting on a subspace singled out by equations
N̂iϕ = siϕ , N̂i
jϕ = 0 (i < j) , T ijϕ = 0 , (2.56)
where
N̂i
j = Ni
j + ci
∂
∂cj
, N̂i = N̂i
i . (2.57)
See appendix C for more details.
There are no negative ghost elements, so H0(Ωm) is just kernel of Ωm restricted to
the ghost-free subspace. I.e. the set of solutions of(
+m2
)
ϕ(0) = Diϕ(0) = T ijϕ(0) = (Ni − si)ϕ(0) = Nklϕ(0) = 0 (k < l) . (2.58)
Which is the maximal covariant set of equations describing a bosonic massive field of
(s1, s2, . . . , sn) symmetry.
In other words we showed that the gauge (2.58) in the gauge system described in
the section 2.3 is reachable.
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2.3.5 Casimir operators revisited
Let us compute the values of Casimir operators (B.1) acting on the space of gauge
inequivalent field configurations defined in section 2.3 in other way. Let us denote the
whole space as V , the subspace of pure gauges as P . P is invariant under action of
(B.1) in representation (B.2), so Casimir operators act on V/P .
Note that by construction of BRST complex V/P ' H0(Ωm) ' H0(Ω˜m). Also note
that we can consider E as a subspace of ghost extended space V̂ where Ωm acts. So
there are embeddings V ↪→ E ↪→ V̂ .
There are no negative degree ghost variables in E . So H0(Ω˜m) is just the subspace
of tensor fields φ singled out by (2.58). By direct application of (B.3) and (B.4) we get
C2φ = −m2φ , (2.59)
C4φ = −m2
n∑
i=1
si (si + d− 1− 2i)φ . (2.60)
3 Fermionic fields
3.1 Algebraic preliminaries
3.1.1 Spinor-tensor fields
We extend the algebra introduced in section 2.1 by Grassmann odd variables θa satis-
fying the canonical (anti)commutation relations
{θa, θb} = 2ηab . (3.1)
Consider the linear space Pdn(a) = S ⊗ C[aI ], where S is the Dirac representation
of the Clifford algebra generated by θa and C[aI ] is the space of polynomials in aI .
The component decomposition of a general element ψ(a) ∈ Pdn(a) has the form
ψ(a) = ψα(a)eα ,
ψα(a) =
M0∑
m0=0
. . .
Mn∑
mn=0
ψαa1 ... am0 ; ...... ; b1 ... bmna
a1
0 . . . a
am0
0 . . . a
b1
n . . . a
bmn
n ,
(3.2)
where M0, . . .Mn ∈ N, eα is a basis in S and α = 1, . . . , 2[d/2] is the Dirac spinor index.
The natural action of the associative algebra generated by aaI , a¯
J
b on Pdn(aI) is
defined by
aaIψ(a) := a
a
Iφ(a) , a¯
I
aφ(a) :=
∂
∂aaI
φ(a) , θaψα(a) := (γa)αβψ
β(a) , (3.3)
where the gamma matrices γa in basis eα in S are defined by θaeβ = (γa)αβeα.
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3.1.2 Lorentz algebra and orthosymplectic superalgebra
We embed the Lorentz algebra so(d−1, 1) as a Lie subalgebra into the above associative
algebra by postulating its basis elements to be
Mab = aIaa¯
I
b − aI ba¯Ia +
1
4
(θaθb − θbθa) . (3.4)
This also defines the representation of so(d− 1, 1) on Pdn(aI) via (2.3).
Simultaneously, the orthosymplectic superalgebra osp(1|2n+2) can also be embed-
ded into that associative algebra, and, hence, is also represented on Pdn(aI). The basis
elements are given by
TIJ = a
a
IaJa , TI
J =
1
2
(
aaI a¯
J
a + a¯
J
aa
a
I
)
, T IJ = a¯Iaa¯
Ja , (3.5)
ΥI = a
a
Iθa , Υ
I = a¯Iaθ
a (3.6)
with the commutation relations given in Appendix A. The two algebras mutually com-
mute forming a reductive dual pair [58]. So the space Pdn(aI) is now so(d − 1, 1) −
osp(1|2n+ 2) bimodule.
3.1.3 Poincare´ algebra
We realize the Poincare´ algebra iso(d− 1, 1) on the same set of auxiliary variables. To
this end, we split the original variables as aa0 ≡ xa, aaI ≡ aai , I > 0 with i = 1, ..., n.
Then, translations and Lorentz rotations are given by
Pa = ∂a , Mab = xa∂b − xb∂a + aiaa¯ib − aiba¯ia +
1
4
(θaθb − θbθa) . (3.7)
They naturally act in the space Pdn(x, a) of smooth functions in xa with values in Pdn(ai).
Let us introduce special notation for the odd basis element of osp(1|2n+2) algebra
D̂ ≡ Υ0 = θa∂a (3.8)
in addition to (2.7). From the osp(1|2n + 2) graded commutation relations we have
{D̂, D̂} = 2 meaning that the Dirac operator D̂ squares to the Klein-Gordon operator
.
3.2 Massless fields
The constraints are imposed on a spinor-tensor field ψ ∈ Pdn(x, a).
Differential constraint is just the Dirac equation
D̂ψ = 0 . (3.9)
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Algebraic constraints now read as
Υiψ = 0 , Niψ = siψ , Ni
jψ = 0 (i < j) . (3.10)
The spin weight conditions imposed on each type of auxiliary variables constrain func-
tions ψ to be homogeneous polynomials in ai. The Young symmetry and gamma-
tracelessness conditions are the standard irreducibility conditions for the o(d − 1, 1)-
representation of spin s1 +
1
2
≥ s2 + 12 ≥ ... ≥ sn + 12 , where si ∈ N.
Note that the Klein-Gordon operator, the divergence and the trace conditions are
imposed by virtue of D̂2 = , {D̂,Υi} = 2Di, {Υi,Υj} = 2T ij.
Gauge transformations read as
δψ = D†iχ
i , (3.11)
where the gauge parameters χi satisfy the same constraints as the fields ψ except for
the spin weight and Young symmetry constraints which are replaced by
Niχ
j = (si − δji )χj, Nijχk = −δki χj (i < j) . (3.12)
3.2.1 Extended triplet formulation
We impose all the differential constraints my means of the BRST operator, while the
algebraic constraints, or more precisely, their BRST invariant extensions, we impose
directly on the representation space.
We introduce anticommuting ghost variables bi, c0, ci, i = 1, ..., n and commuting
ghost variable α with ghosts numbers gh(bi) = −1, gh(c0) = gh(ci) = gh(α) = 1. As
α is a commuting variable there is an ambiguity in the functional class to work with.
We choose functions Ψ(x, a|α, c0, c, b) to be polynomials in α.
The extended triplet BRST operator for fermionic helicity fields is given by
Ω = αD̂ + c0+ ciDi +D†i
∂
∂bi
− αα ∂
∂c0
− ci ∂
∂bi
∂
∂c0
. (3.13)
It is defined on the subspace singled out by the following BRST-invariant extended
constraints
N˜iΨ = siΨ , N˜i
jΨ = 0 (i < j) , Υ˜iΨ = 0 , (3.14)
where
N˜i
j = Ni
j + bi
∂
∂bj
+ ci
∂
∂cj
, N˜i = N˜i
i , Υ˜i = Υi − 2α ∂
∂ci
+
∂
∂α
∂
∂bi
. (3.15)
Note that the BRST operator (3.13) is well-defined and is nilpotent on the entire
representation space and not only on the subspace (3.14).
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3.2.2 Triplet formulation
Following similar steps as in section 2.2.5 we choose an additional grading to be the
homogeneity degree in c0. The BRST operator (3.13) decomposes as
Ω−1 = −
(
αα + ci
∂
∂bi
)
∂
∂c0
, Ω0 = αD̂ + ciD
i +D†i
∂
∂bi
, Ω1 = c0 . (3.16)
The Ω−1 cohomology analysis is surprisingly easier than in the bosonic case.
The cohomology of Ω−1 is concentrated in degree 0 and can be realized as a subspace
E of c0-independent elements which are at most linear in α. The space of fields with
values in this subspace is equipped with the induced BRST operator Ω˜ which in this
case is simply Ω0 defined on the equivalence classes. In terms of representatives which
are at most linear in α it is given by
Ω˜(ψ0 + αψ1) = αD̂ψ0 − ci ∂
∂bi
D̂ψ1 +
(
ciD
i +D†i
∂
∂bi
)
(ψ0 + αψ1) . (3.17)
The second term arises from α2D̂ψ1 which does not belong to E , and, hence, one needs
to pick another representative of the same equivalence class.
Equivalently one can identify term ψ0 + αψ1 linear in α with a column
[
ψ0
ψ1
]
and
operator Ω˜ with a matrix [
ciD
i +D†i
∂
∂bi
−ci ∂∂bi D̂
D̂ ciD
i +D†i
∂
∂bi
]
(3.18)
which acts on such columns with a matrix multiplication.
Let us perform component analysis. Elements of E of ghost numbers 0 and −1 are
given respectively by
Φ = ψ +
n∑
k=1
ci1 . . . cikbj1 . . . bjkλ
i1...ik|j1...jk+
+ α
n∑
k=1
ci1 . . . cik−1bj1 . . . bjkχ
i1...ik−1|j1...jk , (3.19)
Ξ = bj
j +
n∑
k=2
ci1 . . . cik−1bj1 . . . bjk
i1...ik−1|j1...jk+
+ α
n∑
k=2
ci1 . . . cik−2bj1 . . . bjkξ
i1...ik−2|j1...jk . (3.20)
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From the algebraic constraints (3.14) it follows that the lowest components ψ and i
satisfy the triple trace conditions
Υ(iΥjΥk)ψ = 0 , Υ(ij) = 0 , (3.21)
as well as the Young symmetry and spin conditions
Ni
jψ = 0 (i < j) , Niψ = siψ , Ni
jk = −δki j (i < j) , Nij = (si− δji )j . (3.22)
One concludes that ψ and i are precisely the original Fang-Fronsdal-Labastida spinor-
tensor fields and their associated gauge parameters [11, 33, 63].
The consequence of Ω˜Ψ = 0 is
D̂ψ +D†iχ
|i = 0 . (3.23)
The BRST-extended gamma-trace conditions (3.14) imply χ|i = −Υiψ thereby giving
the reduced equations of motion (
D̂ −D†iΥi
)
ψ = 0 . (3.24)
This is the Fang-Fronsdal-Labastida equations for massless mixed-symmetry fermionic
fields [33, 42, 63]. Note that, just like the standard Dirac equation, the Fang-Fronsdal-
Labastida equation can be squared, resulting in(
−D†iDi +
1
2
D†iD
†
jT
ij
)
ψ = 0 , (3.25)
which is the Labastida equations for massless mixed-symmetry bosonic fields [11]. Here
we made use of D̂D†iΥ
iψ = ψ which is the result of acting by D̂ on (3.24).
By construction, the reduced equations (3.24) are invariant with respect to the
gauge transformations
δψ = D†i 
i , (3.26)
where the gauge fields and parameters satisfy the algebraic conditions (3.21), (3.22).
3.2.3 Triplet Lagrangian
Tensoring the Fock space from section 2.2.3 with S (see section 3.1.1) and equipping S
with an inner product such that (θa)† = −θa we end up with the space equipped with
an inner product 〈, 〉′. Finally, the formal inner product on E is taken to be
〈φ, ψ〉 ≡ 〈φ0 + αφ1, ψ0 + αψ1〉 :=
∫
ddx
(〈φ0, ψ1〉′ + 〈φ1, ψ0〉′) . (3.27)
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It is straightforward to see that the inner product (3.27) in nondegenerate and Ω˜ is
formally symmetric with respect to it.
The equations of motion Ω˜Ψ(0) = 0 follow from the action
S =
1
2
〈Ψ(0), Ω˜Ψ(0)〉 , (3.28)
which is invariant under gauge transformations δΨ(0) = Ω˜Ψ(−1). Supplemented with
the off-shell algebraic constraints (3.14) it is equivalent to the Fang-Fronsdal-Labastida
action.
3.3 Massive fields
We again start from (d+1)-dimensional system describing arbitrary fermionic massless
field with fixed momentum along the (d+1)-th direction: (pa,m). Let us also introduce
notations for odd and even oscillators ”along that direction”: (θa,Γ), (aai , zi).
Differential constraint We still have the Dirac equation(
D̂ +mΓ
)
ψ = 0 . (3.29)
Algebraic constraints become(
Υi + Γ
∂
∂zi
)
ψ = 0 , (Ni + Zi)ψ = siψ ,
(
Ni
j + zi
∂
∂zj
)
ψ = 0 (i < j) . (3.30)
Gauge transformaions read
δψ =
(
D†i +mzi
)
χi , (3.31)
where the gauge parameters χi satisfy the same constraints as the fields ψ except for
the spin weight and Young symmetry constraints which are replaced by
(Ni + Zi)χ
j = (si − δji )χj,
(
Ni
j + zi
∂
∂zj
)
χk = −δki χj (i < j) . (3.32)
Note the straightforward consequences of the constraints: (D̂ + mΓ)2 =  + m2,
{D̂ +mΓ,Υi + Γ ∂
∂zi
} = 2
(
Di +m ∂
∂zi
)
, {Υi + Γ ∂
∂zi
,Υj + Γ ∂
∂zj
} = 2
(
T ij + ∂
∂zi
∂
∂zj
)
.
Also note that one can get rid of Γ by automorphism of the Clifford algebra θ 7→ θΓ,
restoring ”classical” form of the Dirac equation.
There is a slight difference in what Γ is, depending on whether the spacetime
dimension d is even or odd. More precisely, for even d the Γ is just the ”fifth gamma”
Γ =
id/2−1
d!
√
− det ηab εa1...adθa1 . . . θad = id/2−1θ0θ1 . . . θd−1 , (3.33)
– 17 –
that is Γ is realized in terms of the reduced Clifford algebra generated by θ0, . . . , θd−1
and its module. In odd d it is not the case and Γ extends the reduced Clifford algebra
to {θA, θB} = 2ηAB, where A = (a, d), and ηdd = 1, and θd := Γ. In this case, the d-
dimensional spinor representation splits to the right and left spinor spaces, and, hence,
the spectrum of fields is duplicated. However, the original (d+ 1)-dimensional Clifford
algebra is even dimensional, and, therefore, there is a new ”fifth gamma” Γ˜ that can be
used to project out a half of the spinor components via the standard P± = 12(1±Γ˜). For
simplicity, throughout the paper we explicitly treat the case of even d unless otherwise
indicated.
3.3.1 Casimir invariant
Analogously to the bosonic case we use the explicit expressions (B.3) and (B.4) for the
quadratic and quartic Casimir operators in terms of the osp(1|2n) basis elements and
take into account constraints (3.29), (3.30). As (B.4) splits into sum of bosonic and
fermionic part, we have
C2ψ = −m2ψ , (3.34)
C4ψ = B + F , (3.35)
where B is the same as in the RHS of (2.44) and
F = −m2
(∑
i
si +
(d− 1)(d− 2)
8
)
ψ +m
(
D†i +mzi
) ∂
∂zi
ψ . (3.36)
The last term is pure gauge.
So the action of C4 is well defined and diagonal on the space of equivalence classes
ψ of field configurations modulo gauge transformations:
C4ψ = −m2
(
n∑
i=1
si(si + d− 2i) + (d− 1)(d− 2)
8
)
ψ . (3.37)
3.3.2 Extended triplet formulation
The BRST operator associated to the constrained system (3.29), (3.30), (3.31), is
Ωm = α
(
D̂ +mΓ
)
+c0
(
+m2
)
+ci
(
Di +m
∂
∂zi
)
+
(
D†i +mzi
) ∂
∂bi
−αα ∂
∂c0
−ci ∂
∂bi
∂
∂c0
.
(3.38)
It is a massive analogue of (3.13).
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It acts on a subspace of Pdn(x, a, z) ⊗ R[bi, c0, ci] 3 Ψ(x, a | bi, c0, ci) singled out by
the BRST invariant extensions of algebraic constraints (3.30)(
Ni
j + zi
∂
∂zj
+ bi
∂
∂bj
+ ci
∂
∂cj
)
Ψ = 0 (i < j) ,(
Ni + Zi + bi
∂
∂bi
+ ci
∂
∂ci
)
Ψ = siΨ ,(
Υi + Γ
∂
∂zi
− 2α ∂
∂ci
+
∂
∂α
∂
∂bi
)
Ψ = 0 .
(3.39)
3.3.3 Triplet formulation
Following similar steps as in section 3.2.2 we choose an additional grading to be the
homogeneity degree in c0. The BRST operator (3.38) decomposes as
Ω−1 = −
(
αα + ci
∂
∂bi
)
∂
∂c0
,
Ω0 = α
(
D̂ +mΓ
)
+ ci
(
Di +m
∂
∂zi
)
+
(
D†i +mzi
) ∂
∂bi
,
Ω1 = c0
(
+m2
)
.
(3.40)
So the reduced BRST operator acts on the space E which is identified with c0-free terms
which are at most linear in α is
Ω˜m(ψ0 + αψ1) = α
(
D̂ +mΓ
)
ψ0 − ci ∂
∂bi
(
D̂ +mΓ
)
ψ1
+
(
ci
(
Di +m
∂
∂zi
)
+
(
D†i +mzi
) ∂
∂bi
)
(ψ0 + αψ1) . (3.41)
3.3.4 Lagrangian formulation
The equations of motion Ω˜mΨ
(0) = 0 follows from the action
S =
1
2
〈Ψ(0), Ω˜mΨ(0)〉 , (3.42)
which is invariant under gauge transformations δΨ(0) = Ω˜mΨ
(−1).
The inner product it essentially the same as in section 3.2.3 with conjugation rules
for additional oscillators
(zi)
† = − ∂
∂zi
, Γ† = −Γ . (3.43)
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3.3.5 Gauge fixing
We can explicitly show that all gauge fields are Shtueckelberg ones at the level of BRST
formulation following the same lines as in section 2.3.4.
We introduce an additional grading
deg zi = 1 , deg a
a
i = deg bi = deg ci = 2 . (3.44)
The BRST operator (3.38) decomposes as Ωm = Ω−1 + Ω0 + Ω1 with
Ω−1 = mzi
∂
∂bi
,
Ω0 = α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ ciD
i +D†i
∂
∂bi
− αα ∂
∂c0
− ci ∂
∂bi
∂
∂c0
,
Ω1 = mci
∂
∂zi
.
(3.45)
Analoguosly to the bosonic case zi and bi go away in pairs, so the reduced BRST
operator is
Ω˜m = α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ ciD
i − αα ∂
∂c0
(3.46)
which acts on a subspace singled out by equations
N̂iψ = siψ , N̂i
jψ = 0 (i < j) , Υ̂iψ = 0 , (3.47)
where
N̂i
i = Ni
j + ci
∂
∂cj
(i < j) , N̂i = N̂i
i , Υ̂i = Υi − 2α ∂
∂ci
. (3.48)
There are no negative ghost degree elements in that subspace, so H0(Ω˜m) is just
kernel of Ω˜m restricted to the ghost-free subspace. I.e. the set of solutions of
(D̂ +mΓ)ψ(0) = Υiψ(0) = (Ni − si)ψ(0) = Nijψ(0) = 0 (i < j) (3.49)
(( + m2)ψ(0) = Diψ(0) = 0 are consequences). This is the maximal covariant set of
equations describing a fermionic massive field of s1 +
1
2
≥ s2 + 12 ≥ . . . ≥ sn + 12 helicity.
4 Conclusion
We build a systematic description of both bosonic and fermionic massive fields of arbi-
trary symmetry via dimensional reduction. We used BRST language, which allowed us
easily move between different equivalent formulations. In particular this was important
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in the fermionic case where it helped to arrive to additional formulation which possess
a natural inner product, and leaded straightforwardly to Lagrangian.
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A osp(1|2n) commutation relations
The basis osp(1|2n) elements are defined in (3.5) and (3.6). Their non-zero commuta-
tion relations in the even sector are
[TI
J , TK
L] = δJKTI
L − δLI TKJ , [T IJ , TKL] = δIKTLJ + δILTKJ + δJKTLI + δJLTKI ,
[TK
L, TIJ ] = δ
L
J TKI + δ
L
I TKJ , [T
IJ , TK
L] = δIKT
JL + δJKT
IL ,
(A.1)
in the odd sector are
{ΥI ,ΥJ} = 2TIJ , {ΥI ,ΥJ} = 2TIJ , {ΥI ,ΥJ} = 2T IJ , (A.2)
in the cross-sector are
[TIJ ,Υ
K ] = −δKI ΥJ − δKJ ΥK , [T IJ ,ΥK ] = 0 , [TIJ ,ΥK ] = −δKI ΥJ ,
[T IJ ,ΥK ] = δ
K
I Υ
J + δJKΥ
I , [TIJ ,ΥK ] = 0 , [TI
J ,ΥK ] = δ
J
KΥI .
(A.3)
B Casimir operators
The quadratic and quartic Casimir operators of the iso(p, q) algebra are
C2
(
iso(p, q)
)
= PaP
a ≡ P 2 , C4
(
iso(p, q)
)
= MabP
bMacPc − 1
2
M2P 2 , (B.1)
where Pa stands for translation and Mab for rotation generators, respectively. In what
follows we express (B.1) in terms of osp basis elements.
Regular spinor-tensor representation. Let iso(d−1, 1) basis elements Pa ,Mab , a, b =
0, ..., d− 1 act on {spinor}-tensor fields as
Pa = ∂a , Mab = xa∂b − xb∂a + aiaa¯ib − aiba¯ia +
{
1
4
(θaθb − θbθa)
}
, (B.2)
– 21 –
i = 1, . . . , n. Expressing quadratic and quartic Casimir operators in terms of the
osp(1|2n+ 2) basis elements we find
C2
(
iso(d− 1, 1)
)
=  , (B.3)
C4
(
iso(d− 1, 1)
)
=
(
(d− n− 2)Nii +Nj iNij − TijT ij
)

+ TijD
iDj + (2− d)D†iDi − 2D†jNijDi +D†iD†jT ij
+
{(
ΥiD
i −D†iΥi
)
D̂ +
(
Ni
i −ΥiΥi + (d− 1)(d− 2)
8
)

}
. (B.4)
Dropping terms in curly brackets we get the bosonic Casimir operator. Also, the above
osp(1|2n+ 2) representation holds for any iso(k, l) with k + l = d.
C Details of dimensional reduction
C.1 Symmetric fields
Let us start with the case of symmetric fields (n = 1).
Ω = α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ c
(
D +m
∂
∂z
)
+
(
D† +mz
) ∂
∂b
−αα ∂
∂c0
− c ∂
∂b
∂
∂c0
.
(C.1)
The triplet BRST operator (C.1) acts on the subspace singled out by the BRST ex-
tended constraints
N̂aΨ = sΨ , Υ̂Ψ = 0 , (C.2)
where
N̂a = Na + z
∂
∂z
+ b
∂
∂b
+ c
∂
∂c
, Υ̂ = Υ + Γ
∂
∂z
− 2α ∂
∂c
+
∂
∂α
∂
∂b
. (C.3)
Let us introduce an additional grading
deg z = 1 , deg aa = deg b = deg c = 2 . (C.4)
The BRST operator (C.1) decomposes as Ω = Ω−1 + Ω0 + Ω1 with
Ω−1 = mz
∂
∂b
,
Ω0 = α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ cD +D†
∂
∂b
− αα ∂
∂c0
− c ∂
∂b
∂
∂c0
,
Ω1 = mc
∂
∂z
.
(C.5)
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The whole space can be decomposed as E ⊕G ⊕F where G = Im Ω−1 and E ⊕G =
Ker Ω−1.
Ψ = E +G+ F = ϕ0 +
∞∑
k=1
zkϕk + b
∞∑
k=0
zkψk . (C.6)
GF
Ω Ψ ≡ (ΩF )|G =
∞∑
k=1
zk
((
D† + c
∂
∂c0
)
ψk +mψk−1
)
(C.7)
is algebraically invertible.
EE
ΩΨ ≡ (ΩE)|E =
(
α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ cD − αα ∂
∂c0
)
ϕ0 . (C.8)
GE
ΩΨ ≡ (ΩE)|G = 0 . (C.9)
So according to the general prescription the reduced BRST operator Ω˜ acting on a
H(Ω−1) ∼= E is
Ω˜ =
EE
Ω −
EF
Ω (
GF
Ω )−1
GE
Ω = α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ cD − αα ∂
∂c0
. (C.10)
It acts on the intersection of E and the subspace selected by (C.2). I.e.(
Na + c
∂
∂c
)
ϕ = sϕ ,
(
Υ− 2α ∂
∂c
)
ϕ = 0 . (C.11)
Note that this space does not have elements with negative ghost degree — the gauge
is fixed. And the component with vanishing ghost degree satisfies(
D̂ +mΓ
)
ϕ(0) = 0 , Naϕ
(0) = sϕ(0) , Υϕ(0) = 0 . (C.12)
((+m2)ϕ(0) = Dϕ(0) = 0 are their consequences.)
C.2 Mixed-symmetry fields
One can consequently repeat argument from symmetric fields. Namely, to introduce
grading
deg zi = 1 , deg a
a = deg bi = deg ci = 2 . (C.13)
for i = 1 , . . . , n and consequently perform homological reduction for any i, effectively
throwing out pairs of zi and bi.
The result is the reduced BRST operator
Ω˜ = α
(
D̂ +mΓ
)
+ c0
(
+m2
)
+ ciD
i − αα ∂
∂c0
(C.14)
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acting on a subspace
N̂iψ = siψ , N̂i
jψ = 0 (i < j) , Υ̂iψ = 0 , (C.15)
where
N̂i
j = Ni
j + ci
∂
∂cj
, N̂i = N̂i
i (no sum), Υ̂i = Υi − 2α ∂
∂ci
. (C.16)
The physical content is(
D̂ +mΓ
)
ψ(0) = 0, Niψ
(0) = siψ
(0), Ni
jψ(0) = 0 (i < j), Υiψ(0) = 0. (C.17)
((+m2)ψ(0) = Diψ(0) = 0 are consequences.)
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